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Abstract

This paper presents a two-period simple macro model with the financial sector

optimizing under the risk-based capital requirements. The goal of the optimal pru-

dential policy is to maximize welfare by encouraging or discouraging risk-taking

but to accomplish this objective through market risk measures and deposit insur-

ance design. If fixed deposit insurance is unavailable, the optimal Value at Risk

policy includes countercyclical loss probabilities. With deposit insurance, optimal

capital requirements are higher in comparison to VaR capital regulation. More-

over, the optimal policy is procyclical or countercyclical depending on creditors’

risk aversion. We also find that the Expected Shortfall embedded in the Basel III

is optimal if creditors are risk-neutral and insurance regime with a fixed fee and

variable compensation is provided. Our main message is that providing deposit

insurance is suboptimal in terms of welfare levels in the absence of significant so-

cial costs of bank failure. Comparing different insurance regimes, we find that it

is optimal for regulators not to neglect tail market outcomes when creditors are

protected by deposit insurance.
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1 Introduction

The importance of welfare-improving risk management policies has never been greater.
At the core, the recent financial crisis has emphasized that the widespread failures and
losses of financial institutions and risk management policies can have severe macroe-
conomic consequences. According to Kashyap et al. (2008) and Mizen (2008), losses
on mortgage-backed securities of investment banks propagated through the interbank
lending market, causing a credit crunch and spillovers to the wider economy. Recent
estimates suggest a remarkable 25% of the output loss to the recent 2008 financial crisis
(Laeven and Valencia (2010)). Moreover, the great recession had a large adverse impact
on the labor market as reported by Elsby et al. (2010). As suggested by Duffie (2019),
essentially all relevant authorities agree that the existing regulation and supervision
allowed large intermediaries to have insufficient capital and liquidity in comparison
to the risk they held on their balance sheet. In addition, due to highly leveraged finan-
cial institutions, especially the too-big-to-fail investment banks, shocks can be severely
amplified through the fragile financial system and have macroeconomic effects.

In this paper, we endeavor to bridge the gap between economic micro-founded
theory and the actual regulations embedded in a form of the statistical measure of
risk to study the optimal prudential policy. The questions we address are: What are
the implications of the financial regulation adopted in the Basel framework? How
should regulators measure market risk and design capital requirements from a welfare
perspective? How should the optimal policy be implemented if deposit insurance is
available or nonexistent? Therefore, the goal of the paper is twofold. From a positive
perspective, the goal is to analyze the macroeconomic implications of capital require-
ments implemented as Value at Risk(VaR) risk measure. From a normative perspective,
the goal is to develop the optimal market risk measure from the welfare point of view,
which maximizes the representative households expected utility.

To do so, we consider the two-period version of Gertler and Kiyotaki (2010) model
of government credit policies in the recent financial crisis. However, the goals of the
paper and the nature of the financial frictions differ. More specifically, in Gertler and
Kiyotaki (2010) bankers exhibit a moral hazard behaver and can divert a fraction of
funds, which potentially constrains the ability of intermediaries to obtain funds from
depositors. In Gertler and Kiyotaki (2010), the goal is to evaluate the efficiency of ex-
post credit policies in the crisis resolution. In our model, we focus on ex-ante optimal
prudential policies. Moreover, the capital requirement constraint in the form of a risk
measure is imposed on intermediaries. Regulators perform two roles in our economy.
First, they impose the minimum capital requirement constraint on banks, which is
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always binding. When solving for an optimal policy we consider two regimes. In
the first regime, fixed or variable deposit insurance is available, whereas in the second
regime deposits are uninsured. In the deposit insurance regime, regulators impose
fixed insurance fee in order to repay depositors in case of bank insolvency.

Turning to the literature, the paper is connected to recent macroeconomic models
which embed financial intermediaries and focus on the role of the banks in developing
the crisis and the feedback from financial frictions onto economy( Gertler and Kiyotaki
(2010), He and Krishnamurthy (2014), Brunnermeier and Sannikov (2014)). The vast
majority in this literature concentrates on balance sheet channels via different finan-
cial frictions such as moral hazard or bank collateral constraints. Conversely, in this
paper, we focus on capital requirements in the form of a risk measure. Our paper is
complementary to papers focused on the design of capital regulation and its incorpo-
ration into macroeconomic models. Capital requirements have gained popularity in
the crisis aftermath, as the severity of the crisis has opened the debate on the efficiency
of prudential instruments(Freixas et al. (2015)). Most of the literature on prudential
policy and policymakers have focused on countercyclical capital requirements as an
efficient instrument to limit procyclicality of the financial sector. Currently, Basel III
uses the credit-to-GDP gap as an early warning indicator of financial vulnerability
and for setting countercyclical capital buffers(Committee et al. (2010)). From a pos-
itive perspective, the benefits of countercyclical requirements as prudential policies
are analyzed,more recently, in Drehmann et al. (2010) and Repullo and Suarez (2012),
and Repullo and Suarez (2012). For instance, Drehmann and Gambacorta (2012) find
that countercyclical buffers can limit credit procyclicality. In contrast, Repullo and
Saurina Salas (2011) argue against the proposal of using the credit-to-GDP gap, and
recommend GDP growth as a guide for setting capital requirements instead. Whether
optimal capital requirements are procyclical or countercyclical is determined endoge-
nously in our model.

We depart in several ways from recent contributions that study prudential policies
from a positive and normative perspective. As an important example of optimal pru-
dential policies, Collard et al. (2017) derive jointly optimal monetary and prudential
policies, setting the interest rate and capital requirements. As in our model, the opti-
mality of countercyclical or procyclical capital buffers arises endogenously. Distinct to
their model, the central bank has the role of a deposit insurance provider instead of
enforcing interest rate policy rule. Repullo and Suarez (2012) study the implications
of capital requirements embedded in Basel I, II and III on credit supply and welfare.
Their analysis of the impact of Basel II capital requirements is analogous to our analy-
sis of the implications of VaR capital regulation. Distinct than our model, Repullo and
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Suarez (2012) impose full deposit insurance and allow for voluntary capital buffers.
The second assumption means that banks may choose to hold capital above the mini-
mum regulatory requirements in anticipation of future funding difficulties and raising
equity capital in the future. In this way,Repullo and Suarez (2012) also capture the pre-
cautionary motive of banks independent of precautionary motives of regulators. As in
Gertler and Kiyotaki (2010), we retain the assumption that bank equity is fixed in the
short-run, reflecting the observation that bank equity is extremely costly to raise. Their
second assumption implies that depositors are fully protected by deposit insurance
and receive the fixed rate of return with probability one. This implies, distinct from our
model, that depositors’ utility is irrelevant for aggregate welfare. Moreover,Repullo
and Suarez (2012) abstract from demand-side feedback effects. Our model is simple
enough to allow us to incorporate the feedback from depositors to banks at the ex-
pense of omitting the richer firm-bank relationship dynamics as in Repullo and Suarez
(2012). 1

The qualitative implications of capital requirements are relevant for welfare pur-
pose; however, in their design, we embrace a different approach. The quantification
of the downside risk of a financial position is a key issue, both for financial institu-
tions and regulators. The fundamental purpose of capital requirement policies is to
quantify the downside market risk arising from banks holding the risky asset on their
balance sheets. Among the papers which are close to our paper in terms of the statis-
tical tail-behavior of financial institutions’ asset returns in equilibrium are Adrian and
Brunnermeier (2011), where CoVaR is proposed as an optimal systemic risk measure,
and Acharya (2009) where the systemic expected shortfall is recommended instead.
However, our emphasis is on the optimal market risk measure instead of systemic
risk measures. The two measures are interrelated; as with an inadequate market risk
measure, regulators can underestimate market risk, which in turn can lead to misspec-
ification of systemic risk.

Most capital regulation is designed to ensure the solvency and soundness of indi-
vidual financial institutions. When seen in isolation, capital requirements are designed
to limit the probability of large market losses up to a small but acceptable threshold.
Prior to the great recession, the Basel Committee used VaR to require financial institu-
tions to meet capital requirements to cover the market risk that they incur as a result
of the daily portfolio adjustments. From the early 90s, VaR has become the prevailing
measure of market risk which answers the question: what is the maximum market loss

1The agency problem between banks and firms in Repullo and Suarez (2012) is a relevant factor for
bank capital structure and regulation. In general, banks’ equity financing is more costly than financing
by deposits, so regulators may face a challenge of forcing banks to hold more equity than desired by
banks (Kashyap et al. (2008)).
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within a specified confidence interval? VaR was developed in order to provide senior
management with a single number that can in a simple manner incorporate informa-
tion about portfolio risk. Value at Risk may penalize diversification and it neglects tail
losses that may hide behind the threshold. The post-crisis measure of risk, Expected
Shortfall or conditional VaR, measures average losses above VaR threshold. However,
market risk measures in Basel II and III are designed to limit the financial institution’s
risk seen in isolation, without taking welfare effects into account. Unlike our policy-
oriented and welfare objective, most of the risk management literature is concerned
with various proposals of new market risk measures from a portfolio optimization
perspective. For example, Expected Shortfall, distortion risk measures and spectral
risk measures are suggested to obtain the risk-return tradeoff instead of Markovitz’s
optimal portfolio approach (Wang (2000),Acerbi and Tasche (2002),Acerbi (2002)).

Our model highlights the potential procyclical effect on the supply of bank credit,
as well as a microprudential role of capital requirements such as deposit insurance
payouts due to bank failures, and its macroprudential role such as welfare. We find that
under VaR capital regulation in the Basel II, financial intermediaries accumulate more
risk when fundamentals are strong, that is when the expected return on assets on their
balance sheet is high and volatility is low. Relevant to our result, the empirical evidence
confirming VaR as a significant driver of procyclical leverage has been provided by
Adrian and Shin (2010). Whether leverage is procyclical or countercyclical may have
different implications for the optimal policy.

When deposit insurance is unavailable, the optimal policy implies less procyclical
capital requirements by adjusting the confidence level of VaR. In practice, regulators
implement this policy by allowing for a lower probability of bank default in the times
of high economic growth and low uncertainty. In other words, a lower probability of
market loss is allowed in market booms than in downturns. At impact, optimal pol-
icy resembles smoothing of the credit cycle. By comparison, under deposit insurance
regime with fixed fee and compensation provided by the prudential or monetary au-
thority, optimality of procyclical capital requirements does not necessarily carry over.
Provided that creditors are sufficiently risk averse, the optimal policy is countercycli-
cal. If creditors’ risk aversion is smaller than one, the optimal policy is procyclical.
At the same time, capital regulation mandates imposing higher capital ratios both in
good and bad times. Our analysis also implies that with fixed deposit insurance, op-
timal market risk measure is inversely proportional to average expected utility of tail
market outcomes beyond VaR threshold, which we name the inverse-Expected Util-
ity Shortfall(i-EUS). Another important finding is that adopting the Expected Shortfall
implemented in the Basel III is justified when creditors are risk neutral and their time
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preference rate equals the expected market return. Importantly, deposit insurance is a
mixture of fixed fee and variable compensation. In sum, ES is optimal when creditors
pay a fixed insurance fee to insure deposits, but in case the bank defaults compensation
is paid per unit of invested deposits. We also find that bank credit supply is more pro-
cyclical under the risk-based requirements of Basel III than under the of Basel II. Our
main message of the paper is that providing deposit insurance is suboptimal in terms
of welfare levels in the absence of significant social costs of bank failure. Comparing
different insurance regimes, we find that it is optimal for regulators not to neglect tail
market outcomes when creditors are protected by deposit insurance. This finding sug-
gests that once the government provides insurance, either the Expected Shortfall or the
inverse-Expected Utility Shortfall dominates VaR as a market risk measure. The domi-
nance is because with i-EUS as a market risk measure creditors are indifferent whether
or not to buy insurance, while with ES creditors are indifferent whether the bank fails
or not. We find that adopting ES is beneficial as long as welfare spillovers from market
instability are the major concern for regulators. If, however, regulators aim to discour-
age banks to take high-risk investments while absorbing market gains, i-EUS may be
an adequate choice instead. Overall, i-EUS may be a valuable policy in the pre-crisis
years, while regulators could switch to ES once the financial crisis materializes.

The remainder of the paper is organized as follows. Section 2 presents the bench-
mark macro model without financial regulation. Section 3 gives the quick overview of
risk measures incorporated in preceding and current financial regulations, specifically
value at risk and expected shortfall. Section 4 presents a macro model with bank risk
measurement and portfolio optimization under risk constraints. Further, it derives op-
timal risk measure from a welfare perspective with insured and uninsured deposits
and provides a possible rationale for the expected shortfall embedded in Basel III. Sec-
tion 5 concludes. Proofs and mathematical definitions are provided in appendices.

2 A macro model without financial regulation

2.1 Households

In this section, we present an equilibrium model, which we subsequently modify to
include ex-ante capital requirement constraint. Importantly, the benchmark model is
deterministic, while the model with regulation is stochastic due to market risk. The im-
plicit reason for regulating banks is that their undercapitalization can adversely affect
aggregate welfare. The benchmark model is a simplified two-period version of Gertler
and Kiyotaki (2010). The representative household consists of two types of members:
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bankers and workers. There are two periods in the model. In the first period, workers
are endowed with y units of consumption good which they allocate between deposits
they put in the bank and consumption. The first-period budget constraint is equal to

c + d ≤ y, (1)

where d is the amount of deposits households supply to the bank, and c household
consumption in the first period. In the second period, household only consumes its
income, i.e. wealth which is equal to the sum of gross return on deposits they invested
in the first period, and the profits bankers bring to the household. The second-period
budget constraint is

C ≤ Rdd + π, (2)

where Rd and π are the gross return on deposits and the profit brought by bankers,
respectively. The household chooses d, taking Rd and π as given, in order to maximize
its lifetime utility

u(c) + βu(C) (3)

subject to (1) and (2). The first order condition with respect to d implies

u′(c) = βRdu′(C),

which gives us the classical Euler intertemporal substitution equation. After the sec-
ond period, the household dies and has no utility of consuming. Euler equation reads
that higher interest rate Rd implies a higher willingness of household to substitute
towards tomorrow’s consumption. Since the utility function is increasing in consump-
tion, the second-period budget constraint is binding. Substituting for deposits d from
the second into a first-period budget constraint, we obtain the intertemporal budget
constraint

c +
C
Rd ≤ y +

π

Rd . (4)

The left-hand side of the intertemporal budget constraint corresponds to the present
discounted value of household consumption, while the right-hand side denotes the
present discounted value of a household’s income. The condition says that the first
must be less or equal to the latter, as households cannot die in debt. Let the household
preferences be given by CRRA utility with relative risk aversion factor γ

u(c) =
c1−γ

1− γ
.
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Then, the first order condition gives us

c−γ = βRdC−γ.

Substituting for C from the first-order condition into the intertemporal budget con-
straint we get first-period consumption

c =
y +

π

Rd

(βRd)
1
γ

Rd + 1

.

We can see that the household chooses first-period consumption as a fraction of its
wealth, which is a decreasing function of the interest rate paid on deposits for γ ≤ 1.
Hereafter, we impose γ ≤ 1. Substituting for c in the first-period budget constraint, we
obtain a household’s supply of deposits

d = y− c = y−
y +

π

Rd

(βRd)
1
γ

Rd + 1

.

2.2 Firms

There is a continuum of competitive firms in the economy. Unlike workers and bankers,
firms have no endowment and need to issue security s in the first period to finance the
purchase of goods to produce capital, with one-to-one technology

s = k. (5)

In the second period, firms produce goods from capital using a linear production func-
tion

f (k) = Rkk, (6)

where Rk is a gross return on capital which is certain and equal to µ. Notice that
we implicitly assume that the firm production function has constant returns to scale.
Since firms are competitive, they earn no profit, so the return on a security is equal to
the return on capital.
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2.3 Banks

Banks play two roles in the benchmark model: they provide credits to end-borrowers,
i.e. firms and provide liquidity in the form of deposits to households. In the extended
model with regulation, banks also provide partial insurance against market risk. In
the first period, bankers are endowed with N units of net worth. Hereafter, we will
use terms equity, bank capital, and net worth interchangeably. In a dynamic model,
equity would represent retained earnings from the previous period and could be ad-
justed continually. However, in our model bankers cannot issue equity to finance asset
purchases from firms but can only take deposits from households and combine them
with net worth to purchase securities.

s = N + db. (7)

At this point, we distinguish between household’s supply of deposits d and bank’s
demand for deposits db. In equilibrium, due to the market clearing condition, the two
will be the same. As seen from (7), in the first period, the bank’s portfolio consists of
riskless security on the asset side and equity and deposits on the liability side. In the
second period, the bank pays off a deposit to the household and earns a profit

π = Rks− Rddb. (8)

The bankers are risk neutral and aim to maximize profit by choosing s and taking Rd

as given.

2.4 Benchmark equilibrium

We now define the benchmark equilibrium, where regulators do not impose capital
requirement constraint on banks.
Benchmark equilibrium : The equilibrium consists of values of c, C, Rd, d, db, andπ

such that

1. the household’s maximization problem is solved,

2. the bank’s maximization problem is solved,

3. market for deposits clears, d = db,

4. market for securities clears, i.e. (5) holds.
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Here, we consider only interior equilibrium, in which c, C, d, db > 0. For interior equi-
librium to exist we must have that

Rd = Rk ≡ µ. (9)

This can be easily seen from the bank’s problem. If Rd < µ, then the bank would
want to borrow an infinite amount, db = ∞, which exceeds the household endowment
in the first period. Similarly, if Rd > µ, the bank would set deposits equal to zero,
which violates the interior equilibrium requirement. To solve for equilibrium value of
deposits, we impose d = db and substitute profits in (8) into the household’s supply of
deposit

d = y− c = y−
y +

π

Rd

(βRd)
1
γ

Rd + 1

= y−
y +

µs− Rdd
Rd

(βRd)
1
γ

Rd + 1

= y−
y +

µ(N + d)− Rdd
Rd

(βRd)
1
γ

Rd + 1

=
y(βRd)

1
γ − µN − d(µ− Rd)

(βRd)
1
γ + Rd

.

Solving for d we get

d =

(
1 +

µ− Rd

(βRd)
1
γ + Rd

)−1
y(βRd)

1
γ − µN

(βRd)
1
γ + Rd

=
y(βRd)

1
γ − µN

(βRd)
1
γ + µ

. (10)

Substituting (10) into the first-period budget constraint (1) and the second-period con-
straint in (2), we obtain household’s consumption in the first period

c = y− d = y− y(βRd)
1
γ − µN

(βRd)
1
γ + µ

=
µ(y + N)

(βRd)
1
γ + µ

, (11)

and consumption in the second period

C = Rdd + π = Rdd + Rks− Rdd = Rk(N + d) = µ
(βRd)

1
γ (y + N)

(βRd)
1
γ + µ

. (12)

The benchmark equilibrium is defined by equations (9)-(12).
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3 VaR and Expected Shortfall as market risk measures

In this section, we elucidate different measures of market risk in the trading book of
financial institutions. Recent accords of the global financial regulation, namely Basel
II and III, have adopted different measures of market risk: conventional VaR and Ex-
pected Shortfall. Both measures are designed to quantify portfolio risk of an uncertain
financial position2. These risk measures are used to decide required regulatory capital
for a given portfolio, based on its downside risk potential. A popular risk measure for
capital requirements in the banking industry VaR is based on a quantile concept. In
essence, VaR is the maximum loss with a specified confidence interval. In other words,
VaR measures f how much a certain portfolio can lose within a given time horizon, for
a given confidence level. From shareholders’ or management’s perspective, the quan-
tile VaR at the company level is a meaningful risk measure since the default event itself
is of primary concern, and the size of a shortfall is only secondary. On the other hand,
Expected Shortfall measures average losses exceeding VaR limit, that is the average
expected size of a shortfall.

While VaR measures the worst market losses which can be expected with a small
probability, VaR is heavily criticized for violating subadditivity and monotonicity. Sub-
additivity means that the risk of a portfolio can be larger than the sum of individual
risks of portfolio positions measured by VaR. Subadditivity reflects the notion that
individual risks typically diversify (or, at worst, do not increase) when we put risky
positions together. As a response to this deficiency, the notion of coherent risk mea-
sure was introduced in Artzner et al. (1999) by proposing four axioms a coherent risk
measure should satisfy3. Intuitively, translation invariance and subadditivity require
that adding safe asset into portfolio decreases the risk of a portfolio and that merg-
ing does not create additional risk, respectively. Further, positive homogeneity and
monotonicity require that scaling portfolio scales risk and that there is no risk if a port-
folio incurs no losses. In this interpretation, VaR is not a coherent risk measure since it
may discourage diversification and thus violates subadditivity4. This implies that the
portfolio risk of a portfolio can be larger than the individual risk of portfolio positions
measured by VaR. On the other hand, Expected Shortfall is a coherent risk measure for
any confidence level5.

There is scarcity in the literature that explores a connection between coherent risk
measures and expected utility theory. Notably, Acerbi (2002) offers a way to map any

2Both VaR and ES are moment-based risk measures. The predominant moment based risk measure
is the standard deviation due to Markowitz (1952).

3See Definition A.1 in Appendix A.
4See Acerbi and Tasche (2002) for the proof.
5See Acerbi and Tasche (2002) for the proof and definition of Expected Shortfall.
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rational investor’s subjective risk aversion function into a coherent risk measure and
vice-versa. Intuitively, coherence of a risk measure means that larger weight is as-
signed to larger losses (worst market outcomes). Thus, coherency is attained if the
weighting function, that is the subjective risk aversion function, is positive, decreas-
ing and normalized to one on the unit interval. In this interpretation, both VaR and
Expected Shortfall could be considered as a special case of a larger set of spectral risk
measures. In the former case, the subjective risk aversion is infinity at a specified con-
fidence level and zero elsewhere, and consequently, coherency is lost. The investor’s
risk attitude is incoherent, focusing on a threshold level of worst (1− α) · 100% losses
and neglecting larger losses in the tail. In the latter case, equal weight is given to the
threshold loss and all larger losses, and coherency is preserved. We refer to Figure 1a
and Figure 1b for graphical representations.

We now define in more details two market risk measures, namely VaR and Ex-

Figure 1: Weighting function
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(b) ES

pected Shortfall. Let X be a random variable the cumulative distribution function
FX(x) = P[X ≤ x], where X represents random gains or losses of a portfolio. Let
us fix some confidence level α ∈ (0, 1). We define VaR as the largest market loss that
can occur with confidence level not smaller than α, that is

VaRα(X) = min {x| FX(x) ≥ α} = qα(X),

where qα(X) denotes the α−quantile 6 of the distribution of market gains and losses.
Note that VaR(X) gives the size of losses below zero, which may occur with probability
no greater than 1− α. On the other hand, Expected Shortfall with a confidence level
α measures how large losses can be expected if the return of portfolio drops below its

6See Definition A.2 in the Appendix A.
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α−quantile. The following representation of ESα(X) is given by Acerbi and Tasche
(2002)

ESα(X) =
1
α

∫ α

0
VaRτ(X)dτ = E[X|X ≤ VaRα(X)].

In the following section, we incorporate the above definitions of two market risk mea-
sures in the equilibrium model with market risk and financial regulation.

4 Macro model with financial regulation : Value at Risk

After computing the benchmark equilibrium, we now introduce financial regulation
in the form of a risk measure that changes the bank problem. To do so, we modify the
bank’s problem so that bankers can earn a profit and use Value at Risk constraint to
manage market risk. For these reasons, the return on capital investment is now uncer-
tain. We can think of the risky security as granting direct loans to private firm borrow-
ers, but there is a default risk that the borrower will fail to honor his loan obligations.
The risky security is traded in the first period in anticipation of its realized return in
the second period. Let us make a simplifying assumption that return on capital, Rk, is
uniformly distributed over the interval

[µ− σ, µ + σ],

where both µ and σ are known by the household and the bank. The mean and the
variance of Rk are given by

E(Rk) = µ,

Var(Rk) =
σ2

3
.

Since the return on capital is uncertain, the bank’s profit is uncertain when viewed
from the first period. As a result, uncertainty in project outcome injects risk in the
bank’s balance sheet. In particular, we suppose that the banker now has two options,
default and not default, where default occurs if the realized return is below VaR1−α

threshold. In both cases, in the first period the bank issues deposits db, combine these
with a net worth N to purchase securities s = N + db. If the realized return is above the
threshold, the bank pays Rddb to the household and earns a profit of sRk − Rddb. This
option is the only one emphasized in the benchmark equilibrium. If the realized return
is below the threshold, the bank does not pay Rddb and stays with Rks. Thus, the bank
maximizes expected profit subject to the Value at Risk constraint. The question VaR
answers is: what is the maximum loss with a specified confidence level? For a given
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confidence level α, for example, α = 0.9, VaR is such that

Prob(Rk ≤ VaR1−α) = 1− α (13)

holds. This gives us the expression for the Value at Risk quantile

VaR1−α = F−1(1− α)

where F−1(·) is the inverse of the cumulative distribution function of the return on
capital Rk. With a uniformly distributed market return, VaR1−α can be easily computed

∫ VaR1−α

µ−σ

1
2σ

dRk = 1− α

VaR1−α = µ + (1− 2α)σ

and graphically represented in Figure 2.
Now let us consider how the Value at Risk constraint enters the bank maximization
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Figure 2: VaR of uniformly distributed market return

problem. Recall that in the benchmark equilibrium µ = Rd. With regulation, since
the bank is risk-neutral and the interest rate endogenous, if µ > Rd, the bank would
wish to hold a larger and larger position in the risky security. Value at Risk constraint
will put the bound on the amount of risky security the bank can purchase. The bank
wants to maximize the expected profit, subject to the constraint that the probability of
being insolvent in the second period is kept at an acceptable level. Insolvency means
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that book equity in the second period is less or equal to zero. Since there are only two
periods, second-period equity is equal to the difference between the market value of
assets and the market value of liabilities. Let α be the fixed probability that the bank
is solvent in the second period. Since the bank becomes insolvent if equity falls below
zero, we have

Prob(Rks− Rd(s− N) ≤ 0) ≤ 1− α, or equivalently

Prob(Rk ≤ Rd(1− N
s
)) ≤ 1− α. (14)

Therefore, by choosing the size of s, banks are assured that the probability of default is
at most 1− α. Comparing the right-hand side terms in (13) and (14) inside the proba-
bility brackets we have that the bank becomes insolvent if

1− N
s
≤ F−1(1− α)

Rd . (15)

From a financial stability perspective, regulators aim to control risk-taking of banks
by focusing on market loss absorbency of the balance sheet, which ensures partial sol-
vency of banks balance sheets and the attendant systemic risks. In particular, both
the probability of insolvency and the probability of market loss being higher than the
VaR threshold are equal to α. In a dynamic model, fixing the probability of loss does
not imply that insolvency probability is fixed. At the present moment, systemic risk is
beyond the scope of this paper, even though systemic risk provides the prevailing ra-
tionale for regulating banks in the first place. By comparison, setting α = 1 stipulates
that the debt issued by the bank is risk-free and in that case, all implications would
emanate from actions in anticipation of defaults, rather than from defaults themselves.
Rearranging ( 15), we obtain the Value at Risk constraint

s− F−1(1− α)s/Rd ≤ N. (16)

The VaR constraint says that the worst possible loss relative to today’s market value of
securities must be met by today’s equity. In other words, capital requirement constraint
forces banks to keep a capital-to-loans ratio of at least 1− F−1(1− α)s/Rd. The bank
maximizes expected profit subject to the constraint

max
s

µs− αRd(s− N)

s.t. s− F−1(1− α)s/Rd ≤ N.
(17)
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The Lagrangian representation of the bank’s problem is

max
s

µs− αRd(s− N) + λ(F−1(1− α)s/Rd + N − s).

The first order conditions associated with the banker problem in equilibrium are:

[s] : µ− αRd + λ(F−1(1− α))/Rd − λ = 0

[λ] : λ((F−1(1− α))s/Rd + N − s) = 0,

where λ is the Lagrange multiplier associated with the constraint. If the constraint is
not binding, we have that λ = 0. Substituting λ = 0 into [s] : equation, we obtain
Rd = µ

α . But this would mean that the bank would earn no profit on deposits, and
would be as well off as purchasing only amount N of securities. Since we are interested
in cases when deposit demand is positive, the constraint is binding when λ > 0. As
a result, profit maximization leads banks to choose the largest value of risky security
holdings allowed by the Value at Risk constraint

s =
N

1− F−1(1− α)

Rd

. (18)

The demand for deposits is given by

db = s− N = N
F−1(1− α)

Rd − F−1(1− α)
. (19)

4.1 Household

With imposed the VaR constraint on bankers, households know that banks operate on
the probability of default and that it obtains the return on deposits only in the non-
default state. Therefore, households maximization problem is

max
c,CND

u(c) + βE(u(CND)|not default)

s.t. c + d = y

s.t. CND = Rdd + π.

(20)

Since in the case of default household’s consumption is equal to profit which is trans-
ferred exogenously to households from bankers, π does not alter the maximization
problem. We are interested in solving for optimal household’s deposit supply. There-
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fore, we rewrite optimization problem in terms of deposits

max
d

(y− d)1−γ

1− γ
+

β

α

∫ µ+σ

µ+(1−2α)σ

(Rdd + π)1−γ

1− γ

1
2σ

dRk.

Differentiating with respect to d we get the first-order condition

−(y− d)−γ +
β

2σα
Rd
∫ µ+σ

µ+(1−2α)σ
(Rdd + π)−γdRk = 0.

Since in equilibrium profit transfered to the household is Rdd + π = Rk(N + d)

(y− d)−γ =
β

2σα
Rd(N + d)−γ

(
(µ + σ)1−γ

1− γ
− (µ + (1− 2α)σ)1−γ

1− γ

)

Denoting by B =
(µ + σ)1−γ

1− γ
− (µ + (1− 2α)σ)1−γ

1− γ
, we get household’s deposit sup-

ply

d =

(
BRdβ

2ασ

) 1
γ

y− N

1 +

(
BRdβ

2ασ

) 1
γ

, (21)

first-period consumption

c = y− d =
y + N

1 +

(
BRdβ

2ασ

) 1
γ

, (22)

and the total purchase of securities

s = N + d =

(y + N)

(
BRdβ

2ασ

) 1
γ

1 +

(
BRdβ

2ασ

) 1
γ

. (23)

Equilibrium with Value at Risk : The equilibrium consists of values of c, C, Rd, d, db, andπ

such that

1. the household’s maximization problem is solved,
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Table 1: Baseline parameter values

µ σ α β y N
1.0629 0.5094 0.9417 0.95 1 0.2435

2. the bank’s maximization problem is solved,

3. market for deposits clears, d = db,

4. market for securities clears, i.e. (7) holds.

In the following, we discuss the properties and implications of equilibrium with
the VaR constraint. Table 1 describes our baseline parameters of the model. The dis-
count rate β is set to 0.95, and we normalize the size of the non-banking sector y to
1. For the parameters pertaining to the banking sector, we follow Repullo and Suarez
(2012). According to Repullo and Suarez (2012), an average Total interest income of all
US commercial banks was 5.74% of Earning assets, Total interest expense was 2.32% of
Total liabilities, and Service charges on deposit accounts were 0.55% in the pre-crisis years
2004-2007. This implies the intermediation margin of 3.97% on deposit-funded activi-
ties. Therefore, we set µ to 6.29%, while α and σ and σ are set such that the equilibrium
interest rate is 2.32%, an average intermediation margin is 3.97% and loss given de-
fault parameter(LGD) is 0.45. The loss given default determines the loss of the loans
of projects that fail, which is set according to the Basel II Internal Ratings-Based (IRB)
foundation approach for unsecured corporate exposures. This calibration leads to a
system of equations in N, α and σ, which has a unique solution with positive values of
parameters. Solving for these parameters yields the steady-state default probability of
5.83% and the steady-state capital requirement of 40.1% of total assets.

In both equilibria with and without financial regulation, first-period consumption
is a fraction of total endowment of the bank and the worker. Note that market risk and
financial regulation affect this fraction through the choice of the confidence level α. In
this way, both the interest rate and previously defined B are affected by the confidence
level. We can think of B as per unit expected marginal utility of non-defaulted risky
security. Higher is the confidence level, higher is utility. Expected marginal utility is
further adjusted for the probability of not defaulting on debt and uncertainty of return
distribution (bounded distribution support 2σ). We obtain the interest rate from the
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market clearing condition for deposits

N
F−1(1− α)

Rd − F−1(1− α)
=

(
BRdβ

2ασ

) 1
γ

y− N

1 +

(
BRdβ

2ασ

) 1
γ

. (24)

For ease of exposition let us assume log-preferences. In this case, γ = 1, the equilib-
rium interest rate is equal to

Rd =
2ασN + βB(µ + (1− 2α)σ)(y + N)

βBy
, (25)

and B = log(µ + σ)− log(µ + (1− 2α)σ). Recall that without market risk and regula-
tion, the interest rate increases in a one-to-one fashion with respect to return on capital,
Rd = µ. Importantly, the choice of a risk measure affects the household’s willingness to
substitute between today’s and tomorrow’s consumption. With market risk and VaR
imposed as a market risk measure, we see that B introduces nonlinear dependence of
the interest rate on expected return and volatility. Moreover, it is increasing in former
and decreasing in the latter. In other words, the interest rate is high when fundamen-
tals are strong and uncertainty is low. This prediction of procyclical interest rate or
borrowing costs is easily seen from

dRd

dµ
=

4α2σ2N
(µ + σ)(µ + (1− 2α)σ)

+ β(N + y)B2

βyB2 > 0.

and displayed in Figure 3a and Figure 3b. The fact that the interest rate varies with
expected return and volatility implies another distinction from the benchmark equilib-
rium, which is that we have a spread in equilibrium. Since the spread or the equity
risk premium is defined as the difference between the expected return on capital and
the interest rate, we have

d(µ− Rd)

dµ
= 1− dRd

dµ
< 0,

since
dRd

dµ
> 1. We could rephrase this finding as saying that the equity risk premium

under VaR regulation is countercyclical; the compensation banks demand to hold risky
security increases when fundamentals are low. Another way we can think about the
equity risk premium in the economy is through the Lagrange multiplier. The envelope
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Figure 3: Equilibrium interest rate with VaR
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theorem for constrained maximum gives us the expression and the interpretation of
the Lagrange multiplier λ. From the envelope theorem, we know that

λ =
dE(π)

dN
=

dE(π)

ds
ds
dN

= α
(

µ− Rd
) 1

1− F−1(1− α)

Rd

.

= α
(

µ− Rd
) 1
(2α− 1)σ− (µ− Rd)

Rd

.

The Lagrange multiplier measures the increase in the objective function (expected
profit) that is obtained through a marginal relaxation in the constraint (an increase
in equity) and therefore can be interpreted as the shadow value of bank capital. From
the above expression, we see that as the spread subsides, the Lagrange multiplier λ de-
clines. This means that the return to a unit of bank capital diminishes as fundamentals
appreciate in value.
Another interesting property of the equilibrium interest rate is that it is increasing in
the relative wealth of bankers, which can be easily seen from

dRd

d(N
y )

=
2ασ + βB(µ + (1− 2α)σ)

βB
> 0

and Figure 4b. Holding everything else fixed, the more ” skin in the game” banker has,
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the higher is the cost of borrowing. The prediction of the external financing costs being
increasing in the strength of borrowers balance sheet is inconsistent with the financial
accelerator in Bernanke et al. (1999). In addition, our prediction is in contrast with
Gertler and Kiyotaki (2010) result where a financial accelerator emerges in equilibrium
when bankers have incentives to divert funds. In their model with moral hazard, as
banks balance sheet strengthens with improved economic conditions, the external fi-
nance problem declines. In our model, having larger equity conveys information that
banks have incentives to engage in more risk-taking, which may induce households to
reduce deposit supply and borrowing costs rise accordingly.

Our final result regarding the interest rate is about the effect of the insolvency prob-
ability. In the recent 2008 crisis aftermath, Gennaioli and Shleifer (2018) note that the
two most important factors contributing to the crisis were flawed financial sector reg-
ulation and supervision and underestimated downside tail risks. In particular, they
ascribe inaccurate beliefs about downside risk as to the main contributor and suggest
that investors and regulators assigned unjustifiably low probabilities to disaster out-
comes in the housing market. In our model, if regulators allowed for a lower probabil-
ity of insolvency, this would reduce bankers’ demand for risky security and increase
households’ supply. As a result of inelastic supply and more elastic demand adjust-
ments, the equilibrium interest rate declines (Figure 4a). Overall, we find that changes
in fundamentals, uncertainty, and insolvency have distinct effects on households’ and
bankers’ deposit choice. We summarize these results in the following propositions and
present proofs in Appendix A.

Figure 4: Equilibrium interest rate with VaR
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Proposition 1. The interest rate on deposits is increasing in µ and decreasing in σ.
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Proposition 2. Leverage of the banking sector is procyclical.

Proposition 3. Leverage of the banking sector is decreasing in volatility.

Since we focus on an interior equilibrium where db > 0, the bank is leveraged in the
sense that total assets on the balance sheet are larger than the size of equity. Leverage
is defined as the ratio of total assets to equity, that is

L =
s
N

. (26)

Substituting for s we can compute leverage as

L =
N/N

1− F−1(1− α)

Rd

=
Rd

Rd − F−1(1− α)
. (27)

It is straightforward to see from (27) that if bank’s funding costs are constant, leverage
is increasing in the expected return and decreasing in volatility 7. In this model, we
get that result when also accounting for the endogenous borrowing costs. Having
balance sheets marked to market through the VaR constraint, banks adjust leverage in
response to changes in fundamentals. To elaborate more on that, from Appendix A we
know that the sign of changes in bank leverage with respect to changes in the expected
return on capital dL

dµ depends on the sign of the following expression

Rd − F−1(1− α)
dRd

dµ
.

After substituting for Rd and dRd

dµ and rearranging, it is easy to show that the sign of dL
dµ

is positive and proportional to

2ασN((µ + σ)B− 2ασ)

βB2(µ + σ)y
> 0.

This implies that the leverage of the banking sector is procyclical under VaR regulation,
i.e. leverage rises as the expected return on capital increases. In contrast, in Gertler
and Kiyotaki (2010), leverage is countercyclical. The empirical importance of VaR as
a driver of procyclicality of leverage has been emphasized by Adrian and Shin (2010).
From Proposition 3 we know that the change in volatility influences bank’s behaviour
through changes in leverage. Although an increase in volatility has a negative effect

7Recalling that F−1(1− α) = VaR1−α = µ + (1− 2α)σ.
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on the interest rate, its effect on leverage depends on the sign of

(1− 2α)Rd − F−1(1− α)
dRd

dσ
=
−2αµN((µ + σ)B− 2ασ)

βB2(µ + σ)y
< 0,

which is negative. In summary, leverage of the banking sector is higher when funda-
mentals are strong and uncertainty is low and vice versa, lower leverage is associated
with weaker fundamentals and higher uncertainty. This can be easily seen from Fig-
ure 3a and 3b, as the equilibrium level of deposits slightly rises and falls with positive
changes in expected return and volatility respectively. In summary, we find that un-
der VaR regulation banks accumulate risk in the form of higher leverage in periods of
sustained growth and peaceful times.

4.2 Optimal policy with uninsured deposits

So far, the confidence level α was fixed and predetermined by regulators. In this sec-
tion, we aim to answer the question of how should the insolvency or loss probability
vary with changes in µ and σ. In other words, how should the optimal prudential pol-
icy from a welfare perspective adjust to changes in expected return and uncertainty?
Importantly, we assume that regulators still impose VaR constraint on banks when
implementing optimal policy. However, unlike in the previous section, the loss proba-
bility is allowed to adjust to different economic environments. We further assume that
a social planner has no possibility to provide deposit insurance to either households
or banks, and therefore deposits are uninsured. In order to find the optimal policy, we
solve the social planner’s problem whose aim is to maximize expected utility

max
α

u(c) + βEu(CND|not default) (28)

by choosing d subject to two resource constraints

c = y− d,

CND = Rk(N + d).

With log-preferences the maximization problem simplifies to

max
d

log(y− d) + β
∫ µ+σ

µ+(1−2α)σ
log(Rk(N + d))

1
2σ

dRk,
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which gives
max

d
log(y− d) + βα log(N + d) + const.

Differentiating with respect to d and solving FOC we get

dSP =
βαy− N
βα + 1

.

Notice that the social planner internalizes profit transferred to households from bankers,
and therefore the optimal deposit choice does not depend on the interest rate. Further-
more, only the probability of loss is relevant for the social planner. The expected return
and uncertainty of the risky security do not influence deposit choice. Recall from the
previous section that we obtain the optimal amount of deposits d from competitive
equilibrium after substituting for Rd. We obtain

dC = y− 2ασy
2ασ + βB(µ + (1− 2α)σ)

.

Therefore, if the first best is to be achieved α should be such that competitive and the
first best equilibrium coincide

βαy− N
βα + 1

= y− 2ασy
2ασ + βB(µ + (1− 2α)σ)

.

Although it is not possible to solve for confidence level α analytically, we can find how
α changes with µ and σ. Figure 5a and 5b depict this relationship. Several implications
of welfare analysis are noteworthy for designing optimal prudential policy. First, un-
der our parameter calibration, we find that the confidence level is overall higher when
chosen by a social planner than when fixed by regulators. If regulators imposed con-
fidence level higher than 94% (≈ 96.5% and 98.5%), this would induce the gross equi-
librium interest rate decline and be lower than 1 as depicted in Figure 4a. As a result,
adopting the optimal policy would have deflationary effects compared to the initial
VaR policy. Second, we find that confidence level is higher when expected returns are
higher and volatility is lower, and vice versa. This finding implies that regulators allow
for a lower probability of default in the times of high economic growth. In terms of cap-
ital requirements, regulators impose lower capital ratios on banks when fundamentals
are strong and uncertainty is low(Figure 7a and 7b). In this way, regulators increase
the amount of credit available to productive firms and private sector through interme-
diaries. When economic growth prospects remain subdued in downturns, regulators
actually discourage risk-taking and borrowing by allowing higher default probability.
If deposit insurance is unavailable, the optimal policy amplifies economic contractions
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and expansions. In other words, the optimal policy is procyclical capital requirements.

Figure 5: Optimal confidence level with VaR and uninsured deposits
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Figure 6: Optimal VaR policy with uninsured deposits
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An important question is how the optimal policy differs from VaR policy with the
fixed confidence level and capital regulation in the Basel III framework. When deposits
are uninsured, the social planner exhibits more risk-averse behavior compared to the
competitive case and capital ratios are higher. Figure 7a and 7b suggest that there is
over-investment in the competitive equilibrium, and therefore, the social planner in-
ternalizes social costs of over-investment. In the context of capital regulation, capital
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Figure 7: Optimal VaR capital requirements with uninsured deposits
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requirements are less procyclical when the adjustment of the confidence level is possi-
ble. At impact, optimal policy resembles smoothing of the credit cycle in comparison
to VaR policy with the fixed confidence level. Moreover, because market risk measures
are weighted sum of moments of probability distribution, optimal policy is such that
the corresponding weight to the mean is lower, while we increase the weight given
to volatility8. As two moments proxy for the extent to which regulators can or can-
not predict market outcomes, in the social planner’s economy unpredictability takes
precedence over predictability.

By comparison, in the Basel III framework increasing µ increases optimal capital
requirements. Countercyclical capital buffers in the Basel III are justified by a pruden-
tial authority goal of limiting procyclicality of the financial sector (Freixas et al. (2015)).
In this view, the financial system procyclicality(credit and prices) is seen as the main
factor that contributes to the fragility of the financial system and systemic risk. In ef-
fect, our optimal policy and the Basel III accord yield opposite predictions regarding
capital regulation. One possible explanation for this disagreement is the assumption
that regulators still implement an optimal policy with VaR when deposits are unin-
sured. Although from a welfare perspective instead of systemic risk respective, we
suggest that our model provides insights on how to parsimoniously implement opti-
mal prudential policy by utilizing the existent market risk measure in Basel II and III
frameworks in economies where deposit insurance is absent. Of course, this recom-

8This observation is straightforward if we recall the definition of VaR with the fixed confidence level
VaRα = µ + (1− 2α)σ, and VaR with the varying confidence level VaRα(µ) = µ + (1− 2α(µ))σ and
VaRα(σ) = µ + (1− 2α(σ))σ, which are weighted averages of the first and the second moment of return
distribution
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mendation depends on the assumption that neglecting or including market tail risk
has no additional externalities apart from default costs. Implicitly, we assume there
are no externalities or policies such as bailout expectations and government interven-
tions, which we relax in the next section. Moreover, neglecting market tail risk can
lead to systemic risk being underestimated in booms(Borio et al. (2001)). We leave this
extension to future work.

As a final remark, we can easily prove the prediction of countercyclical default
probabilities as an optimal policy. For this purpose, let us define by H the difference
between the deposits chosen by the social planner and deposits from the competitive
equilibrium, which is equal to zero when two equilibria coincide

H ≡ βαy− N
βα + 1

− y +
2ασy

2ασ + βB(µ + (1− 2α)σ)
.

Using the implicit function theorem we have

dα

dµ
= −

∂H
∂µ

∂H
∂α

and
dα

dσ
= −

∂H
∂σ
∂H
∂α

where
∂H
∂α

= β
N + y

(βα + 1)2 +
2βB((µ + σ)B− 2ασ)y

(2ασ + βB(µ + (1− 2α)σ))2 > 0

∂H
∂µ

=
2αβσ(2ασ− (µ + σ)B)y

(µ + σ)(2ασ + βB(µ + (1− 2α)σ))2 < 0

∂H
∂σ

= − 2αβµ(2ασ− (µ + σ)B)y
(µ + σ)(2ασ + βB(µ + (1− 2α)σ))2 > 0.

Altogether imply that
dα

dµ
> 0 and

dα

dσ
< 0. Intuitively, the social planner would

respond more fiercely in uncertain environments compared to the competitive case
where regulators focus on the fixed probability of the worst-case market outcome. In
contrast, changes in fundamentals produce muted policy response.

4.3 Optimal policy with insured deposits

In this subsection, we solve for optimal risk measure if the government (monetary or
prudential authority) act as a deposit insurance provider. In comparison to the previ-
ous subsection, regulators implements the optimal policy which is different from VaR.
We denote a risk measure by M and assume that the probability of default is still equal
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to 1− α. According to this deposit regime, fixed insurance is imposed on households
which pays out only in the case of bank default in the second period. In this way, de-
posits are fully insured. More generally, transfers in case of default proxies for uncon-
ventional monetary policies such as equity injection. Absent equity injection bankers
absorb losses from a decline in fundamentals or an increase in uncertainty. With equity
injection, however, losses are shared with households. On the one hand, prudential au-
thority is concerned with risk management. On the other hand, the monetary authority
provides deposit insurance when defaults occur, while insurance is financed using a
fixed fee. However, the exact amount of insurance depends on how regulators mea-
sure risk. With this assumption, we implicitly suppose that there are no conflicting
objectives between the prudential and the monetary authorities. Alternatively, we can
think of a single prudential authority acting as a deposit insurance provider and need
not distinguish between two authorities.

Related to our goal of finding the optimal prudential policy, Collard et al. (2017)
derive the jointly optimal monetary and prudential policies, setting the interest rate
and capital requirements. However, in our model, the central bank has the role of an
insurance provider instead of enforcing the interest rate policy rule. Related to un-
conventional monetary policies, Gertler and Kiyotaki (2010) evaluate the effectiveness
of government ex-ante equity injections in alleviating financial distress. In particular,
they assume that the central bank injects equity into banks ex-ante before the crisis has
occurred. In our case, we may interpret deposit insurance as ex-post equity injections,
which present a complementary policy to optimal prudential policy. Since these equity
injections or insurance is paid by households and equals the market risk measure, the
insurance approach we design can be thought of as commitment mechanism for banks
and households to raise equity on its own.

We, therefore, solve two optimization problems. First, the social planner chooses
the risk measure. Second, the households and bankers optimization problem is mod-
ified when regulators impose different risk measure and deposits are insured. The
social planner solves the following problem

max
M

(y− d− dM)1−γ

1− γ
+

β

2σ

∫ µ+σ

µ+(1−2α)σ

(
Rk(N + d)

)1−γ

1− γ
dRk +

β

2σ

∫ µ+(1−2α)σ

µ−σ

(dM)1−γ

1− γ
dRk.

(29)
The first term represents households utility in the first period after paying the insur-
ance fee. The second term is the expected utility in case the bank defaults, and the third
term is the expected utility of equity injection when defaults occur. Since compensa-
tion equals insurance fee, the return on a unit of government equity is lower than the
return on private(bank) equity. In reality, to acquire equity the central bank may pay
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a higher price, which is above the price of private equity, and therefore government
equity earns a lower return 9. The optimization problem can be simplified to

max
M

(y− d− dM)1−γ

1− γ
+

β

2σ
B
(N + d)1−γ

1− γ
+ β(1− α)

(dM)1−γ

1− γ
,

where B = (µ+σ)2−γ

2−γ − (µ+(1−2α)σ)2−γ

2−γ . The first order condition reads

[M] : −d(y− d− dM)−γ + β(1− a)d(dM)−γ = 0.

We further solve households and bankers problem. In the first period, an insurance
fee T is levied on households and returned in the second period if a default occurs.
Therefore, the household solves the following maximization problem

max
d

(y− d− T)1−γ

1− γ
+

β

2σ

∫ µ+σ

µ+(1−2α)σ

(
Rdd + π

)1−γ

1− γ
dRk +

β

2σ

∫ µ+(1−2α)σ

µ−σ

T1−γ

1− γ
dRk.

Since households cannot choose deposit insurance fee, the last term does not affect
supply of deposits. The first order condition gives

[d] : − (y− d− T)−γ +
β

2σ
Rd
∫ µ+σ

µ+(1−2α)σ
(Rdd + π)−γ = 0.

In equilibrium, equity injections are financed by insurance fees and budget constraint
of the central bank holds, and thus T = dM. As before, the resource constraint implies
Rdd + π = Rks. Therefore, deposit supply is equal to

d =

β

2σ
BRdy− N

1 +
β

2σ
BRd(1 + M)

Because banks still adhere to prudential regulation, deposit demand is now constrained
by the new risk measure M instead of VaRα

db = N
M

Rd −M
.

9A possible reason why the monetary authority pays a premium is that the current market price is
below its average value due to financial distress (Gertler and Kiyotaki (2010)).
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From the market clearing condition for deposits we obtain the equilibrium interest rate

Rd =

β

2σ
BM(y + N) +

β

2σ
BM2N + N

β

2σ
By

,

and the equilibrium level of credit

d =

β

2σ
BMy

1 +
β

2σ
BM(1 + M)

.

Substituting the equilibrium amount of deposits into the social planner’s first order
condition and solving for M, we obtain

M =

(
2σ(1− α)

B

) 1
2

=

(
1

1− α

∫ 1−α

0
(VaR1−p)

1−γdp
)− 1

2

.

Our extension of the model with deposit insurance, while simplified, provides
several useful insights. For example, we find that the optimal risk measure is in-
versely proportional to the average expected utility of tail market outcomes beyond the
VaR threshold. For coherence and intuitive appeal, we call this risk measure inverse-
Expected Utility Shortfall(i-EUS). The inverse proportionality may arise because with
deposit insurance market losses are reflected into market gains in case of bank failure.
Importantly, the social planner does not neglect market tail outcomes when deposit
insurance is available.

To further understand the optimal policy, we discuss the effects of changing param-
eters that play an important role when designing capital requirements. The prevailing
rationale for adopting countercyclical capital requirements in the Basel III regulation
is the observation that default risk rises during recessions. In response to increased
failure risk, risk-weighted countercyclical capital requirements raise automatically un-
less regulators lower capital ratios (Angeloni and Faia (2013)). We find support for
the former, the optimal risk measure is decreasing in confidence level α(Figure 8d),
or put differently capital requirements are increasing in default probability 1− α (Fig-
ure 9c). In contrast to our prediction, Collard et al. (2017) characterize joint optimal
prudential and monetary policy and suggest it is optimal for regulators to cut capital
requirements when default risk is high because banks are naturally less tempted to
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Figure 8: Optimal market risk measure with insured deposits
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take a risk, while optimal monetary policy raises the interest rate to dampen the ex-
pansionary effects of prudential policy. We find this thought experiment useful in the
context of normative analysis of deposit insurance premiums. As argued by Acharya
et al. (2010) the deposit insurance premium that exactly covers the expected cost to
the deposit insurance provider, should respond to changes in individual bank default
risk and systemic risk. From a normative standpoint, Acharya et al. (2010) find that
the deposit insurance premium charged to banks is increasing in both risks. Although
deposit premiums are paid by households in our model, this prediction means that the
optimal risk measure which acts as insurance should increase with default probability.
In our model, deposit insurance premiums exactly cover expected losses while these
losses depend on default probability. When a commercial bank with insured deposits
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Figure 9: Optimal capital requirements with insured deposits
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fails, the central banks take over the bank and sells bank assets or buys bank equity. In
either case, during periods of widespread bank failure, the deposit insurance provider
suffers from low recovery from the liquidation of failed assets or pays a higher price
for bank equity. In addition, we may expect that the resolution of failed banks is more
costly for the central banks when creditors become more risk-averse, directly in terms
of the lower liquidation value of banks or higher equity price. This leads to our second
result: the insurance charged to creditors is higher the more risk-averse they are(Figure
8c). Higher the risk aversion, higher are the corresponding capital requirements(Figure
9d).

Some main normative implications of the model without deposit insurance, quali-
tatively speaking, remain robust to the introduction of deposit insurance. For example,
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optimal risk measure is decreasing in uncertainty regardless of whether deposit insur-
ance is available or not(Figure 8b and 6b). In terms of capital requirements, however,
predictions diverge. In response to increased uncertainty, regulators cut capital re-
quirements when deposits are insured. During times of heightened uncertainty as we
have evidenced in the onset of the 2008 market downturn, it may be optimal to de-
crease capital requirements because heightened uncertainty may impede equity rais-
ing. Figure 8a demonstrates that an increase in the expected return can either increase
or decrease optimal risk measure under deposit insurance. As a result, regulators can
either cut or raise capital requirements in response to a shock that raises return on
loans. A positive shock to µ increases the return on a risky asset in case banks succeed
and boosts banks incentives to engage in more risk-taking. The optimal prudential
policies can move in opposite directions, depending on whether creditors’ risk aver-
sion is higher or lower than one. In the first case, the optimal prudential policy is
countercyclical, while in the second case, it is procyclical. A possible explanation for
the ambiguity of prudential response is that bankers internalize creditors’ excessive
risk aversion, which diminishes banks incentives to take more risk. Overall, with de-
posit insurance and sufficiently risk-averse creditors, optimal capital requirements rise
in response to shocks that increase bank’s risk-taking incentives triggered by an in-
crease in expected returns. We find this prediction consistent with Collard et al. (2017)
and Repullo and Suarez (2012), and robust to the introduction of monetary policy or
voluntary equity issuance, respectively.

In comparison to the regime when deposit insurance is absent in Figure 6a and 6b,
optimal capital requirements are higher and less cyclical. Intuitively, this result may
reflect a natural regulatory reaction to impose higher capital standards and buffer the
economy from the financial sector failure when deposits insurance is available. The
buffering is higher in the steady state, albeit lower over the cycle. Another impor-
tant implication of the optimal prudential policy is that the interest rate responds in
the same direction as capital requirements(Figure 10b and 10a). Among policymak-
ers, there is a prevailing consensus on monetary and prudential policies co-movement,
since both policies will be countercyclical most of the time. Collard et al. (2017) provide
insights when monetary and prudential policy move in the same or opposite direction
over the business cycle. In a nutshell, two policies move in the same direction when
safe asset return and risky asset return are correlated, and a risk-taking channel of mon-
etary policy is introduced. We, therefore, interpret our result consistent with positive
interaction between two policies.10

10In Collard et al. (2017), prudential policy affects credit volume and composition, and bankers choose
holdings of the safe and risky asset. When monetary policy affects the volume but not the composition
of credit, two policies move in opposite directions. More specifically, prudential policy raises capital re-
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Figure 10: The interest rate with insured deposits
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To summarize our main results, our model highlights the policy instrument we
think deserves more attention than presented in the existing literature: capital require-
ments in the form of market risk measures can directly manage risk-taking incentives.
When deposit insurance is unavailable, optimal policy resembles less procyclical cap-
ital buffers by adjusting the confidence level of VaR. Optimality of procyclical buffers
does not carry over when deposit insurance is available, provided that creditors are
sufficiently risk-averse. At the same time, when prudential or monetary authority act
as a deposit insurance provider, capital regulation mandates imposing higher capital
ratios both in good and bad times.

4.4 Rationalization of Expected Shortfall

In this subsection, we provide rationale and conditions under which Expected Short-
fall may be considered an optimal prudential policy. The idea is that we modify the
social planner’s problem and offer a possible rationalization of ES embedded in the

quirements in response to shocks that increase bank risk-taking incentives, while monetary policy cuts
the interest rate in order to dampen the contractionary effects of prudential policy on credit availability
to firms. The interaction between two policies then boils down to cutting interest rates to moderate
the contractions caused by a rise in capital requirements. In other words, the prudential policy is con-
tractionary and monetary policy is expansionary when shocks increase risk-taking incentives. Or put
differently, the optimal prudential policy is procyclical, while optimal monetary policy is countercycli-
cal. In contrast, when a safe asset return and risky asset return are correlated and monetary policy affects
credit composition, both optimal policies are countercyclical. In this case, the interest rate responds in
the same direction as capital requirements. In particular, optimal prudential policy raises capital require-
ments to limit risk-taking, and optimal monetary policy raises the deposit rate to dampen the effects of
the investment.
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Basel III accord. In the literature of risk measures, Expected Shortfall has been pro-
posed as an alternative to overcome shortcomings of VaR, which in general is not a
coherent risk measure(Acerbi and Tasche (2002)). More specifically, VaR fails to satisfy
sub-additivity and monotonicity.11 Invalidating the first property implies that port-
folio risk can be higher than the sum of individual risks of assets. As a result, VaR
may fail to deliver diversification benefits in an ever-growing global financial mar-
ket. Moreover, VaR disregards the magnitude of tail losses once an unfavorable event
occurs. One reason why regulators adopted ES in the 2008 crisis aftermath is that it
includes tail market risk while VaR neglects it. Disregarding tail risk, especially in the
housing market, may have systemic risk implications. In an effort to control for sys-
temic risk, such a stringent prudential policy might have been adopted as a means to
signal regulators’ commitment to preventing financial crises. The question we aim to
answer here is if there is a rationale for ES from a welfare perspective instead of a sys-
temic risk perspective. By definition, ES is an average market outcome (gain or loss)
exceeding the VaR limit

ES1−α =
1

1− α

∫ VaR1−α

µ−σ
Rk 1

2σ
dRk =

1
1− α

∫ µ+(1−2α)σ

µ−σ
Rk 1

2σ
dRk.

This integration can be done simply and we obtain

ES1−α =
1

1− α
((1− α)µ + α(α− 1)σ) = µ− ασ.

Notice that the difference between VaR1−α and ES1−α is in the weighting function, the
relative weight that ES gives to volatility is −α and the corresponding VaR weight is
1− 2α. One possible way to derive ES as an optimal market risk measure is if house-
holds are risk-neutral and the social planner solves the following maximization prob-
lem

max
d

(y− d− T) +
β

2σ

∫ µ+σ

µ+(1−2α)σ
Rk(N + d)dRk +

β

2σ

∫ µ+(1−2α)σ

µ−σ
dMdRk,

where as before in equilibrium T = dM is a fixed insurance fee imposed on households
in the first period. In comparison to the case when deposits are fully insured, the social
planner chooses the level of deposits instead of a risk measure. The maximization
problem can be simplified to

max
d

(y− d− T) + βα(µ + (1− α)σ)(N + d) + β(1− α)Md.

11See Definition A.1 in A.
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The first order condition gives

[d] : −1 + βα(µ + (1− α)σ) + β(1− α)M = 0.

The equilibrium level of borrowing is pinned down by the banker’s problem, and
therefore

db = N
M

Rd −M
.

Since household are risk neutral, Rd = µ. In the special case when the discount factor
is equal to the inverse of the expected return on capital, i.e. β = 1

µ , we obtain from the
first order condition

M = µ− ασ ≡ ES1−α.

If regulators adopt ES as a market risk measure, associated capital requirements
would be higher and more procyclical than VaR we considered in the competitive
case(Figure 11a and 11b), albeit lower than optimal capital requirements in the previ-
ous subsection. We can summarize conditions under which regulators can rationalize
ES as an optimal policy. Adopting a tighter and more cyclical policy stance may result
from conjunctions of three factors: creditors are risk neutral, and their time preference
rate equals the expected market return. Importantly, deposit insurance is a mixture of
fixed fee and variable compensation. Risk neutrality of creditors implies that they do
not demand risk adjustments through the interest rate. Moreover, the second condi-
tion implies that the interest rate is equal to the inverse discount factor, and therefore,
bank debt is risk-free from the creditors’ perspective. Provided the latter holds, ES
is optimal when households pay a fixed insurance fee to insure deposits, but in case
the bank defaults compensation is paid per unit of invested deposits by the central
bank or regulators. In this way, the first-period marginal utility is unaffected by de-
posit insurance, while it distorts the second-period marginal utility. Intuitively, ES
quantifies market risk such that creditors are indifferent whether the bank defaults or
not. By comparison, in the previous subsection, households treat the insurance fee and
compensation as fixed. As a result, the associated deposit insurance scheme leaves
households’ marginal rate of substitution undistorted. In effect, i-EUS risk measure
quantifies market risk such that the marginal utility of capital requirements is zero.
Capital or deposit insurance is beneficial in the second period only if bank defaults,
but costly in the first period as it reduces consumption.

Comparing different deposit insurance regimes, we find that it is optimal for reg-
ulators not to neglect tail market outcomes when deposit insurance is available. As a
consequence, paying insurance on rare events or tail market outcomes reduces a bank
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Figure 11: Optimal ES capital requirements with insured deposits
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incentive to engage in risk-taking. Opposite to our priors, analysis indicates there may
be welfare losses due to deposit insurance, which are mainly driven by the social cost of
lower credit availability(Figure 12c and 12a). Consequently, making sure private sector
internalizes potential adverse consequences of crises by acquiring deposit insurance
seems to be suboptimal. This concern is clearly an important one, to the extent that
providing the bank with liquidity in financial crises may not be a welfare-improving
response. One possible reason for this result might be that bank failures generate no
social cost in our model, while substantial social costs would reduce welfare when
deposit insurance is unavailable. A simple way to illustrate this logic is that with-
out capital injection from insurance paid out, individual bank failure can prompt risk
related to counterparty failure. Because of bank interconnectedness through mutual
debt obligations, failure of a too-big-to-fail or highly interconnected bank can destabi-
lize the rest of the financial system. If an insolvent bank is re-capitalized instead, this
could spare other banks in the borrower-lender chain. In other words, social costs such
as systemic risk or bank failure resolution are absent in our welfare analysis. Without
these social costs, the level of calculated welfare entails positive bias under VaR reg-
ulation.12 Another explanation is that we set the confidence level to the one from the
benchmark model calibration when we evaluate the welfare impact of the alternative
policy reform, which may not be an appropriate choice in the new economy with de-
posit insurance and a different market risk measure. The key to a welfare-improving

12One possible estimate for these social costs could be the loss given default(LDG) parameter from
Basel II Internal Ratings-Based (IRB) which we have used in the calibration of parameters, and equal
to 0.45. In that case, introducing deposit insurance and an alternative market risk measure implies a
welfare-improving prudential response.
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aspect of VaR policy is that ignoring tail market risk is beneficial when there is no
authority to act as an insurance provider. Overall, our result suggests that providing
deposit insurance is suboptimal in the absence of significant social costs of bank de-
fault. In order for deposit insurance to be beneficial, creditors need to believe that they
could be forced to absorb significant losses if a bank is close to insolvency. For instance,
this can be achieved if creditor claims are converted to equity claims. The commitment
of invoking this resolution scheme, called “bail-in,” is planned by regulators to be im-
plemented through post-crisis legislation in Title II of the US Dodd-Frank Act(Duffie
(2019)).

Figure 12: Welfare with optimal VaR and i-EUS capital requirements
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This figure depicts welfare for different values of the expected return and volatility. For optimal VaR and i-EUS policy, risk
aversion is set to 1. The confidence level for optimal i-EUS policy is the same as in Table 1, whereas for optimal VaR policy the
confidence level changes as in Figure 5a and 5b.
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Figure 13: Welfare with optimal ES and i-EUS capital requirements

7
1.065 1.07 1.075 1.08 1.085 1.09 1.095 1.1 1.105 1.11

W
el

fa
re

2.99

2.995

3

3.005

3.01

3.015

3.02

3.025

Optimal i-EUS policy

(a) increase in expected return

<
0.51 0.515 0.52 0.525 0.53 0.535 0.54 0.545 0.55 0.555

W
el

fa
re

2.9912

2.9913

2.9914

2.9915

2.9916

2.9917

2.9918

Optimal i-EUS policy

(b) increase in volatility

7
1.065 1.07 1.075 1.08 1.085 1.09 1.095 1.1 1.105 1.11

W
el

fa
re

1.0635

1.064

1.0645

1.065

1.0655

1.066

1.0665

1.067

1.0675

1.068

1.0685

Optimal ES policy

(c) increase in expected return

<
0.51 0.515 0.52 0.525 0.53 0.535 0.54 0.545 0.55 0.555

W
el

fa
re

1.065

1.07

1.075

1.08

1.085

1.09

1.095

1.1

1.105

1.11

Optimal ES policy

(d) increase in volatility

This figure depicts welfare for different values of the expected return and volatility. For the optimal ES policy households are risk
neutral, while for the optimal i-EUS policy risk aversion is set to 1

2 . The confidence level for optimal i-EUS and ES policy is the
same as in Table 1.

If however, the mission of regulators is to build a financial system where insti-
tutions can absorb adverse shocks with minimum negative spillovers to welfare, or
extract welfare gains from improved growth prospects, an adequate choice of a pru-
dential tool and insurance regime is less than a straightforward answer. Figure 12c and
12d suggest that for households with log preferences and fixed deposit insurance, wel-
fare is invariant to changes in the market environment. By comparison, with no deposit
insurance and VaR risk measure, welfare rises in the face of higher uncertainty(Figure
12b). Moreover, with VaR policy economy as a whole has the ability to absorb market
gains(Figure 12a). The main reason for this aspect of VaR policy is that for households
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with log preferences it is socially optimal that deposit choice is independent of market
return or volatility, while the expected utility of per unit of risky security increases with
both factors. For myopic creditors with log preferences, regulators have a choice be-
tween welfare resilience(i-EUS) versus welfare amplification(VaR). At the core of this
result lies identification of regulatory regime under which prudential authority and
lenders are myopic. The tendency to underestimate or ignore the probability of low-
frequency events such as financial crises is known as disaster myopia. The idea is that,
by quantifying market risk with VaR, susceptibility to disaster myopia is reinforced
by prudential institutional factors since VaR neglects tail market risk. When disaster
myopia sets in, lenders ignore bank insolvency risk even though they do not believe
they will be protected in a case a disaster such as a bank failure occurs. With such per-
ceptions, lenders believe they could accept weaker government guarantees without in-
creasing market losses. As market volatility increases, due to disaster myopia lenders
ignore the likelihood of higher market losses. Lenders act myopically as if investment
opportunities are constant with log preferences and focus on the possibility of captur-
ing higher market gains when volatility rises. As a result, when creditors and regu-
lators are both myopic, an increase in volatility leads to welfare enhancement(Figure
12b). When lenders act myopically but do not exhibit behavior in congruence with
disaster myopia, lenders receive appropriate provision for potential market losses and
welfare is independent of variations in market return and volatility(Figure 12c and
12d).

A belief by creditors that banks are no longer too-big-to-fail leads to the inferior
alignment of the risk-taking incentives with social incentives. As disaster myopia dis-
appears and risk aversion of creditors diminishes, regulators need to discern between
priorities of market(bank and creditors) discipline and negative welfare spillovers. We
find that adopting ES in the Basel III is justified as long as welfare spillovers from
market instability are the major concerns for regulators. If, however, regulators aim to
deter financial sector and creditors from taking riskier investments, forcing creditors to
buy fixed insurance may be an adequate choice. Given the imperfections of regulation
to account for both priorities, we argue that a useful complement to purely regulatory
risk management is for the government to adopt a discretionary approach when im-
plementing policies. By relying on these two priorities, regulators may find it valuable
to switch between fixed and variable insurance regime over the financial cycle. In par-
ticular, to prevent banks from taking excessively risky projects in ”reach for yield” on
the asset side of their balance sheets, regulators may implement fixed insurance before
the financial crisis occurs. Once the crisis materializes, which inevitably leads to higher
uncertainty and depressed market returns, regulators should switch to variable insur-
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ance regime. In this way, in the pre-crisis years, high-risk investments are penalized
while market gains are absorbed (Figure 13b and 13a); whereas during the crisis not
only negative spillovers of heightened market instability are dampened, but positive
welfare spillovers are generated. To elaborate more on this point, with optimal i-EUS
policy creditors are indifferent whether or not to buy insurance against bank insol-
vency, while with ES they are indifferent whether bank fails or not in the second period.
The choice of prudential tool should follow predictable intermediate-term momentum
and long-term reversal in stock prices. The periods of strong market growth are the
precise time when insurance against future crashes should be bought, and quantifying
market risk with i-EUS achieves this objective. Once price-reversal becomes evident,
regulators ought to switch to ES in risk management practices. In market downturns,
welfare actually rises when creditors are indifferent to the possibility of future bank
failure(Figure 13c). This rise occurs because households consumption in the second-
period decrease as market gains become depressed, but creditors discount the future
consumption less and less. In other words, future consumption becomes more valu-
able as creditors become more patient. Of course, the proposal of alternating deposit
insurance regime over the financial cycle involves a degree of regulatory discretion
rather than a commitment to one market risk measure independent of the stage of the
financial cycle. Implementing contingent prudential policy might be difficult if ”rules
rather than discretion ” approach is emphasized by the prudential authority. Alterna-
tively, regulators might average out across two regimes, and impose deposit insurance
scheme with both fixed and variable compensation in case of bank insolvency.

Before concluding, let us convey final concern about our proposed prudential de-
sign. In our approach of capital regulation welfare perspective is emphasized while
abstracting from fire-sale and credit crunch externalities. With a such narrow supervi-
sor’s objective, higher capital requirements inevitable lead to curtailing of bank lend-
ing to private businesses. Moreover, when high market losses erode bank capital or
equity, banks can adjust to capital regulation either by raising new equity or selling
assets. If the individual bank chooses to liquidate the asset, it can cause its price to
plummet and lead to fire sales spiral, which may trigger other banks to deleverage. If
despite best efforts, regulators cannot prevent fire sales or credit crunch, they might
benefit from focusing on welfare benefits. We have offered several specific proposals
of optimal market risk measures, based on deposit insurance availability and creditors’
risk aversion. Accounting for the above externalities and testing for the robustness of
proposed market risk measures is the important step in prudential policy design before
such policies are implemented by regulators.
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5 Conclusion

The optimal prudential policy in the form of market risk measure is a key issue in pol-
icy design that has received limited attention in the literature. In the first part of the
paper, we considered a simple macro model with financial sector under VaR capital
requirements embedded in a form of market risk measure. We have demonstrated that
solely focusing on the worst-case market outcome while neglecting tail outcomes with
VaR when designing prudential policy, is potentially the main driver of procyclical
leverage in the banking sector. The goal of the optimal prudential policy is to max-
imize welfare by encouraging or discouraging risk-taking but to accomplish this ob-
jective through market risk measures and deposit insurance design. When deposits
are uninsured, the welfare is maximized if capital requirements are state dependent.
The optimal policy implies that regulators allow for a lower probability of default in
the times of high economic growth and low uncertainty. At impact, optimal policy re-
sembles smoothing of the credit cycle in comparison to VaR with the fixed confidence
level. When monetary authority or regulators act as a deposit insurance provider, capi-
tal regulation mandates imposing higher capital ratios. Provided that creditors are suf-
ficiently risk averse, the optimal policy is countercyclical. In contrast, if risk aversion
of creditors is below one, the optimal policy is procyclical. Finally, we provide condi-
tions for optimality of Expected Shortfall implemented in the Basel III accord. From
a welfare perspective, Expected Shortfall is the optimal policy when creditors are risk
neutral and deposit insurance is such that fixed fee is levied on creditors, while insur-
ance is paid out to creditors per unit of deposits in the case of bank default. Our main
message is that providing deposit insurance is suboptimal in terms of welfare levels in
the absence of significant social costs of bank failure. Comparing different insurance
regimes, we find that it is optimal for regulators not to neglect tail market outcomes
when creditors are protected by deposit insurance.

Some extensions of the simple model are worthy of pursuit in the future. First,
since capital regulation affects risk-taking channel and welfare, the optimal interaction
of conventional monetary and prudential policy can be analyzed. For this purpose, de-
veloping an extension that incorporates a risk-taking channel of monetary policy could
be a promising direction. Second, our model abstracts from systemic risk, a prevailing
rationale for regulating the banking sector in the first place. Optimal policies from a
welfare perspective may not be optimal from a systemic risk perspective. A pruden-
tial authority which incorporates implications of market risk measures both on welfare
and systemic risk may be a way forward in prudential policy design.
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A Omitted proofs and definitions

In this appendix, we present definitions and omitted proofs used in the main text. A
risk measure is defined by the following four coherency axioms (Artzner at al., 1999).
Suppose that X is a random variable that represents a future uncertain profit or a loss.

Definition A.1. (Risk measure) Let V be a set of all real-valued random variables on a
probability space (Ω, Σ, P). A function ρ : V → R is called a coherent risk measure if
it satisfies following axioms:

i) (Translation invariance) For all X ∈ V and all a ∈ R, ρ(X + a) = ρ(X)− a.

ii) (Subadditivity) For all X and Y ∈ V, ρ(X + Y) ≤ ρ(X) + ρ(Y).

iii) (Positive homogeneity) For all h ≥ 0, ρ(hX) = hρ(X).

iv) (Monotonicity) For all X and Y ∈ V, with X ≤ Y, we have ρ(Y) ≤ ρ(X).

Definition A.2. (Quantile) Lower α-quantile of a random variable X is defined by

qα(X) = inf {x ∈ R : P[X ≤ x] ≥ α} , α ∈ (0, 1).

Proof of Proposition 1. Let us rewrite the market clearing condition (24) and define H
as follows

H ≡ N
F−1(1− α)

Rd − F−1(1− α)
−

(
BRdβ

2ασ

) 1
γ

y− N

1 +

(
BRdβ

2ασ

) 1
γ

= 0.

For simplicity, we will prove the proposition for log-preferences. To prove that Rd is
increasing in µ, we use the implicit function theorem

dRd

dµ
= −

∂H
∂µ

∂H
∂Rd

.

∂H
∂µ

= N
F−1

µ (1− α)(Rd − F−1(1− α)) + F−1
µ (1− α)F−1(1− α)(

Rd − F−1(1− α)
)2

+
2αβσRdy

(µ + σ)(µ + (1− 2α)σ)(2ασ + βBRd)
+

2αβσRd(2ασN − βBRdy)
(µ + σ)(µ + (1− 2α)σ)(2ασ + βBRd)2
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=
RdNF−1

µ (1− α)(
Rd − F−1(1− α)

)2 +
4α2βσ2Rd(N + y)

(µ + σ)(µ + (1− 2α)σ)(2ασ + βBRd)2 .

Similarly,

∂H
∂Rd = − N(F−1(1− α))(

Rd − F−1(1− α)
)2 −

βBy
βBRd + 2ασ

+
βB(βBRdy− 2ασN)

(βBRd + 2ασ)2

=
−NF−1(1− α)(

Rd − F−1(1− α)
)2 −

2ασβB(N + y)
(βBRd + 2ασ)2 .

In order to prove that
dRd

dµ
> 0, we need the sign of F−1

µ (1− α), which denotes for the

derivative with respect to µ of the inverse cumulative distribution function of uniform
distribution at the point 1 − α. The inverse of the cumulative distribution function
is known as the quantile function, and in the case of uniform distribution it can be
expressed as F−1(1− α) = µ + (1− 2α)σ. Therefore, F−1

µ (1− α) = 1, and altogether

implies
dRd

dµ
> 0.

Proof of Proposition 2. Leverage of the banking sector is defined by (27). Then we
have

dL
dµ

=

dRd

dµ
(Rd − F−1(1− α))− Rd

(
dRd

dµ
− dF−1(1− α)

dµ

)
(Rd − F−1(1− α))2

=

Rd − F−1(1− α)
dRd

dµ

(Rd − F−1(1− α))2 .

From the proof of Proposition 1, we can calculate
dRd

dµ
, which yields

dRd

dµ
=

4α2σ2N
(µ + σ)(µ + (1− 2α)σ)

+ β(N + y)B2

βyB2 .

We obtain

Rd− F−1(1− α)
dRd

dµ
=

2ασN + βB(µ + (1− 2α)σ)(y + N)

βBy
− (µ+(1− 2α)σ)

4α2σ2N
(µ + σ)(µ + (1− 2α)σ)

+ β(N + y)B2

βyB2
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=
2ασN((µ + σ)B− 2ασ)

βB2(µ + σ)y
> 0,

which implies that leverage is an increasing function of the expected return µ.

Proof of Proposition 3. Analogously to the proof of Proposition 2, using the expres-
sion for leverage defined by (27), we have

dL
dσ

=

dRd

dσ
(Rd − F−1(1− α))− Rd

(
dRd

dσ
− dF−1(1− α)

dσ

)
(Rd − F−1(1− α))2

=
RdF−1

σ (1− α)− F−1(1− α)
dRd

dσ
(Rd − F−1(1− α))2 ,

where F−1
σ (1 − α) denotes the derivative of the quantile function with respect to σ.

This gives F−1
σ (1− α) = d(µ+(1−2α)σ)

dσ = 1− 2α. What is left to calculate is
dRd

dσ
which

is equal to

dRd

dσ
=

(
−2ασ(2ασ + β(µ + (1− 2α)σ)(N + y)B)

(µ + σ)(µ + (1− 2α)σ)
+ (2ασ +

2αβµ(N + y)
µ + σ

+ (1− 2α)σ(N + y)B)B
)

βyB2 .

Finally, we obtain

(1− 2α)Rd − F−1(1− α)
dRd

dσ
=
−2αµN((µ + σ)B− 2ασ)

βB2(µ + σ)y
< 0.

This concludes the proof that leverage is a decreasing function of the volatility σ.
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